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Abstract

HeerHugo is a propositional formula checker', that determines whether a given formula, is satisfi-
able or not. Its name comes from the dutch railway station Heerhugowaard, as it was developed
to validate correct operation of the Vital Processor Interlocking unit guarding the safety of all
railway traffic at this station.

We describe how HeerHugo attempts to prove or disprove formulas, and we end with some
theoretical considerations regarding the (lack of) progress in the area of automatic theorem prov-
ing.

1 Introduction

In 1994 we? contacted the Dutch Railway Company (Nederlandse Spoorwegen) in order to find test
beds in which the theory we had developed could be applied. We ran into the problem of checking
correctness properties of Vital Processor Interlockings that are being used to guard safety at smaller
Dutch railway yards [10, 11]. After some preprocessing, the question could be reduced to checking
whether large propositional formulas (< 120K) were satisfiable. In order to prove these formulas we
started off by applying much praised Binary Decision Diagrams (BDDs [2]) only to find out that BDDs
were in no way up to this task [9]. By accident we came into contact with Gunnar Stalmarck who had
founded a company called Logikonsult based on a particularly efficient propositional formula checker.
Their checker solved the formulas (< 6K) expressing correctness of the VPI at the railway station
Hoorn-Kersenboogerd. Gunnar gladly explained me some principles behind their prover [20, 13]. Their
prover is protected by a software patent [18].

In order to understand the stunning effectiveness of the Stalmarck propositional formula checker,
we decided to build a checker along the same principles ourselves, although for a while we could use
the Stalmarck checker for experiments. When starting with verifying the large formulas belonging to
Heerhugowaard a sudden change of operating systems made it impossible to use Stalmarck’s checker
(which was not available for the newer platform). At that moment the experimental checker became
instrumental for our verifications and we decided to baptize the new checker HeerHugo.

We used a somewhat different fundamental setup in our checker than in Stalmarck’s. This allowed
us to experiment with a wide range of inference and complexity reducing rules. Typically, all rules
that we use (and sometimes invented) are documented somewhere in the vast literature related to the
satisfiability problem in proposition logic. However, there does not seem to be any understanding as
to which rules are more and which rules are less effective.

LFor experimental purposes the checker can be obtained by contacting the author.
2Bas van Vlijmen took initiative and established the first contacts.
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2 Using HeerHugo

Version 0.2 of HeerHugo is designed to have an extremely simple input/output behaviour, in order
to guarantee that it can be used on any computer platform. An input formula must be in Ain and
output will appear in a file called Aout. HeerHugo will also write progress information in Aout,
which can be used for monitoring purposes. HeerHugo can be obtained by anonymous ftp from
ftp:/ /ftp.cwi.nl/pub/jfg for experimental purposes. Note that HeerHugo 0.2 is experimental software,
and, although it appears to work correctly, may contain flaws.

In the file Ain a formula can be written using the operators -> (implication), & (and), | (or)

(negation) and <-> (bi-implication). Elementary propositions can be denoted by a sequence of
letters and digits. Brackets can be used. A line starting with an % is taken to be a comment. The
following expression is a correct input:

\’% This is an example input file for HeerHugo 2.0
\/ containing sufficient facts to derive that Jan and Gijs
\’% do not have the same birthday

( 13April <-> JanBirthday ) &
( 27September <-> GijsBirthday ) &
( "13April | ~27September )

3 Algorithms and rules

We describe how the prover is working in three parts. The first part describes how an arbitrary
formula can efficiently be transformed to a conjunctive normal form, where clauses contain at most 3
literals. In the second section we describe efficient (mainly linear) operations that can be carried out
on the conjunctive normal form to reduce the number of proposition letters that occur in it. In the
third section we describe Stalmarck’s branch and merge rule, which is necessary to make the system
complete.

3.1 Transformation to <3CNF

We describe a linear transformation to <3CNF form, i.e. formulas in conjunctive normal form with
at most 3 literals per clause, which maintains satisfiability. This transformation is believed to be first
described by Tseitin [17]. It has been shown that it is impossible to linearly transform a formula to
CNF while maintaining validity.

Take an arbitrary formula ¢. For the explanation we restrict ourselves to the connectives A and —,
but it is easy to see that the transformation described here applies to any unary or binary connective.
Introduce for any subformula 1 of ¢ a new proposition letter py, except if 9 is itself a proposition
letter, say p, in which case we take py = p.

First construct the following formula:

Py A N (py € Pyy APys) A A (Py © Py, )

Y € Sub(¢) Y € Sub(¢)
Y =1 Ao Y=
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Here Sub(¢) is the set of subformulas of ¢. Note that the size of this set is linear in ¢. Note that
if subformula v occurs positively in ¢ i.e. within the scope of an even number of negations, then,
maintaining satisfiability, the <> in the formula above can be replaced by —. If ¥ occurs negatively,
i.e. in the scope of an odd number of negations, the ++ can be replaced by « (implication from right
to left). It appears that this latter improvement (sometimes) leads to a considerable efficiency gain of
HeerHugo, especially when the formula is satisfiable.

The next step is to transform each ‘triple’ (py > py, Apy,) and each formula py, <> —py, to <3CNF
form. This is easily accomplished by replacing these formulas respectively by

(=py V Pyy )A (=g V pyy )A
(=Py V Pys)A (Py V —py,)
(pz/) \ Py \ _'p1/)2)

It is common to use the word literal for formulas of the form p and —p. We typically use the letter [
to denote a literal. A clause is a maximal formula of the form (l; vV ---Vv,) in a CNF.

We have the following property that justifies our transformation. The <3CNF formula that is
obtained in the way described above has exactly the same satisfying assignments as the original
formula ¢, provided these are restricted to the proposition letters occurring in ¢.

One of the differences between HeerHugo and Stalmarck’s satisfiability checker is that the latter
works with so-called ‘triples’, formulas of the form p <+ ¢ & r, whereas we are working with the larger
<3CNF formulas.

3.2 Simple rules

From now on we work with <3CNF formulas. In order to simplify a formula, we simultaneously apply
a number of transformations that we describe below.

Unit resolution

An effective step to reduce the size of a formula is the application of unit resolution. Basically, the
idea is as follows. Suppose there is a unit literal in a <3CNF formula ¢, i.e. a clause of the form p
or —p. If the clause has the form p, then in order to satisfy ¢, p must be true. So, assume p is true,
and remove all clauses that contain p, as such clauses are also true. If there is a clause containing —p,
e.g. —pV ¢V r, then the clause is satisfiable iff it is satisfiable after removal of —p (yielding ¢ V r in
the example). So, remove all occurrences of —p in clauses. Note that after this step all occurrences of
p are removed from ¢. The case with unit literal —p is dual to the case just described.

Note also that during such a unit resolution step, new unit clauses can be created. We use an
algorithm that applies all unit resolution steps in linear time [6]. Furthermore, note that during a unit
resolution steps unit clauses p and —p can come into existence. In this case ¢ is clearly contradictory.
It is interesting to know that unit resolution is complete for Horn clauses, or propositional Prolog
programs. These are formulas in conjunctive normal form (without a restriction on the clause length)
where each clause contains at most one positive literal.

Removal of implication cycles

It happens sometimes that there are clauses of length two, e.g. —-pV ¢, that viewed as implications, h.l.
p — q form a cycle. E.g. p = q, ¢ — —r and - — p. Clearly, all proposition letters on such a cycle
are equivalent, and henceforth can be given the same name. If the clauses above occur in a formula ¢
above all occurrences of p in ¢ can be replaced by ¢, and every occurrence of —r in ¢ can be replaced
by —¢. Detecting such implicational cycles is linear in the size of ¢. Make a graph with as vertices
literals p and —p for every p. Add for each clause [ V I’ an edge from —I to I' and one from -’ to I.
Use the standard linear algorithm for detecting strongly connected components to find implicational
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cycles. In [1] it is shown that this method yields a linear algorithm to determine whether a 2CNF (a
CNF with clauses of length 2) is satisfiable.

Classical Davis/Putnam rule

One of the oldest rules in propositional reasoning is proposed in [4]. It can be formulated for positive
p as follows. For —p the dual of this rule can be chosen. Given a CNF of the form

(pV Li)A

(pV Lo)A
¢

where L; =1;; V -+ - V i, and p does not occur positively in ¢. We can replace this CNF by
¢l-p:= AL, Li]

maintaining all satisfying assignments on proposition letters in ¢, except for p. If p was the only letter
that occurred, the resulting formula is true iff the original was satisfiable.

When carrying out the substitution ¢[-p := AI_, L;] it is easy to obtain a CNF again, but auxiliary
proposition letters must be introduced to maintain <3CNF. E.g. in case some L; contains two literals
and —p occurs in a clause with 3 literals. Moreover, if p occurs often both positively and negatively,
the resulting <3CNTF is considerably larger than the original. In HeerHugo the classical Davis Putnam
rule is carried out only when the formula reduces in size, or there is a limited growth. Just before
applying the branch/merge rule (see below) to a proposition letter p it is investigated whether the
Classical Davis Putnam rule can be fruitfully applied.

There are two special cases that deserve to be mentioned. When p only occurs positively or nega-
tively in a formula, then the rule above says that all clauses in which p occurs may be thrown away.
This is called monotonic variable fixing, as it is assumed that if p occurs positively, it is assigned true,
and if it occurs negatively, it is assigned the value false. Another case happens when p occurs only
once in a clause of length 2 (either positively or negatively), and occurs arbitrary often with the other
sign. Say, this clause has the form p V ¢ (skipping all dual cases). According to the Classical Davis
Putnam rule we may substitute all occurrences of —p by ¢ reducing the number of proposition letters
by one, and reducing the length of the formula. HeerHugo has facilities to immediately detect whether
one of these special cases of the Classical Davis Putnam rule can be applied, and tries to apply these
as soon as possible.

The classical Davis Putnam rule must not be confused with the method of Loveland, Davis and
Putnam [16] which is currently far more popular, but is essentially a mixture of unit resolution,
monotone variable fixing and an elementary branching rule.

Subsumption and ad hoc resolution

HeerHugo constantly changes its set of clauses by removing and adding clauses. Whenever a clause is
added, it is checked whether a similar clause exists. More precisely if a clause C; = pV ¢V r is added,
and a clause Cj is present, then an action is taken conforming to the following table. If no such clause
C5 is present, C is simply added. If p, ¢ or r appear with negations, dual actions are taken.
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Cs

pVqVr do not add C;

pVqV —r | donot add Cy, remove Cs and add pV ¢
pV-qVr | donot add C1, remove Cy and add pV r
—pVqVr | donot add Cy, remove Cy and add gV r
pVyg do not add Cy

pV g do not add Cy,add pVr

pVq do not add Cy, add gV r

pVvr do not add C;

pV-r do not add C4, add pV ¢

-pVr do not add Cy, add gV r

qVvr do not add C;

qV —r do not add C1, add pV ¢

—qVr do not add Cy,add pVr

In case a clause of the form C} = pV ¢ is added and a clause Cs is present then actions are undertaken
according to the table below. Again, if no such C; is present, C; is simply added. Again, the dual
cases, where p or ¢ can be negated are left to the reader.

Co

pVyq do not add C4

pV g do not add C4, remove C> and add p
-pVgq do not add C, remove Cs and add ¢
-pV q do not add C, remove Cs and set p = ¢
pVqVvr remove Cy

pVqV-r remove Cy

pV—qVr remove Cy, add pV r
pV-qV-r remove Cy, add pV —r
-pVqgVr remove Cy, add gV r
=pVqV-r removeCs, add gV —r

3.3 A branching scheme

After applying all rules from the previous section, it might be that no contradiction has been derived.
In this case a branch/merge rule is adopted. This rule stems from [19] where it is called the dilemma
rule.

The branch/merge rule

The branch/merge rule stems from [19] where it is called the dilemma rule, and appears to be re-
markably effective in proving formulas. We actually believe that the success of the Stalmarck prover
can be solely contributed to this rule, as its other aspect, namely the handling of tuples, is a slightly
enhanced variant of unit resolution, and is completely subsumed by all rules mentioned above. The
branch/merge rule can be depicted as follows:

¢
A Ap
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It must be interpreted as follows. Starting with a <3CNF ¢, the proof is split in two parts. In the first
part, —p is added to ¢ and using the simple rules, a set of conclusions C-,, is drawn. These conclusions
have the form g, or ¢, i.e. a certain proposition letter must or must not hold, or they have the form
g <> ror g+ —r,ie. gand r must, or must not be equivalent. So, C", contains all conclusions using
simple rules from —p. Moreover, C", is closed in the following way. In case ¢ A —p contains ¢ and
—q for some proposition letter ¢, an inconsistency has been derived and C-, is set equal to the set of
all literals as well as all (in)equivalences between proposition letters. Otherwise, in case ¢ is derived
for some proposition letter g, also an inequivalence p <+ —q is added to C-,, and similarly, if —q is
derived, p <+ ¢ is added to C-,. Then, the transitive closure of biimplications is taken. I.e. if p ¢+ —¢
and —g <+ r are in C-,p, p ¢+ r is added. In the same way, C), is constructed by adding p to ¢.

After both branches have been explored, the intersection between C-, and C, is calculated, and
each fact in the intersection is added to ¢. Calculating this intersection can be done efficiently. If the
intersection is not empty, then the simple rules are being used to simplify ¢ A (C-, N C)p).

Heerhugo applies the branch/merge rule for every proposition letter in turn. Leading to a diagram
as in (b) below.

L

—
&
~—
—~
=3
~—
—~~

c)

The branch/merge is iteratively applied to all proposition letters until there is a full round where for
all proposition letters the intersection between C-, and C), is empty. This means that applying the
branch rule to any proposition letter does not lead to any new facts. In this case the branch rule is
applied in a nested way. See (c) above. First, at level one, one proposition letter is put to true and
false, and within this assumption, the branch/merge rule is applied to all proposition letters at level
one, until no new facts can be derived. Then a next proposition letter at level 1 is chosen.

If a formula can be proven to be a contradiction using simple rules only, as in (a) above, it is said to
be in hardness class 0. If a formula is proven contradictory using the application of the branch/merge
rule on level 1, as in (b) above, it is said to be in hardness class 1. Similarly, a formula that can be
proven using ¢ nested applications of the branch/merge rule, but cannot be proven using ¢ — 1 nested
applications, is said to be in hardness class ¢ [19]. If application of simple rules is linear (which is
quite the case in HeerHugo, but which is claimed to be the case in Stalmarck’s prover) we can derive
the following bounds for a contradictory formula ¢ in hardness class h:

O(|¢/"*t1)  Length of a proof to refute ¢
O(|¢[*"*1)  Length of the proof search to refute ¢
2h Lower bound on the proof length of ¢

Here |¢| is the size of the formula ¢. It should be noted that the number of proposition letters occurring
in ¢ is a better measure than its size, except in constructed cases where large formulas contain an
extremely low number of proposition letters.

The hardness class of a formula gives a very good intuition for the provability of a formula. A formula
in hardness class 0 can without problem contain 10® proposition letters, whereas the refutability of a
formula with 100 proposition letters in hardness class 3 is doubtful. Moreover, it appears that formulas
belonging to a certain kind of application, have a typical hardness class associated with them. E.g.
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hardware adders are in 2, safety formulas of Hoorn-Kersenboogerd are in 0, the safety formulas of
Heerhugowaard are in 1. But there also formulas of which the hardness class increases with size. E.g.
prime number tests and the pigeon hole formulas appear to belong to this class.

Note also that the hardness class very much depends on the nature of the simple rules. We have
observed that by increasing the strength of the simple rules, formulas shifted down from higher to
lower hardness classes. As far as we know the relation between hardness classes and the nature of the
simple rules have never been investigated.

Addition of expensive clauses

It happens that after assuming that a proposition letter, say p, is e.g. true in the branch/merge rule,
assuming the validity of a proposition letter g leads to a contradiction. In this case we have derived
p A ¢ — false, which as a clause looks like —=p V —q. We consider such a clause expensive, because
we may have searched for quite a while before finding it. Furthermore, we consider it useful, as it is
a concise fact. Therefore, we add such a clause to the formula. This is also done when the nested
assumption of three proposition letters lead to a contradiction.

We have also experimented with adding a clause —p V ¢ (=p1 V —p2 V q) if we derive g under the
assumption p (assumptions p; and ps). We found a degradation of performance, due to the fact that
many redundant clauses were generated in this way.

4 FExamples

In this section we show how HeerHugo detects and employs certain kinds of structure in a formula.
Maybe such observations lead to relating rules and algorithms to certain patterns in formulas, which
may lead to better understanding of proof search in proposition logic. We also provide benchmarks
that allow for a completely different way of comparing of the strengths of different tools.

4.1 Removal of identical subterms

Suppose we start with a formula (not yet in CNF) and this formula contains identical subterms, say
for simplicity that p A ¢ occurs twice. If both subformulas are assigned auxiliary proposition letters r;
and 7y, we find in the <3CNF 6 clauses that are equivalent with r; <> (pA¢) and 7 & (pAgq). If pis
considered in a branch/merge step, we derive assuming —p that —r; and —ry. We derive assuming p
that 1 ¢ ¢ and 73 < ¢. So, taking the intersection of these results, we find that r; <+ r5. Note that
this also works in case another operator than A is used. Moreover, it is easy to see that in this way
the equivalence between all pairs of equal subterms is detected.

In case the translation is used where implication arrows are used instead of biimplications in the
translation to <3CNF, a similar effect occurs, but only if the simple Classical Davis Putnam rules are
being applied.

4.2 Removal of similar proposition letters

Suppose a proposition letter p occurs in a similar way as a proposition letter ¢. More precisely, for
every clause ¢ V L, there is a clause p V L, and for every clause —¢ V L there is a clause —p V L.
Using the branch/merge rule, monotonic variable fixing and subsumption and ad hoc resolution, the
system detects that p and ¢ are made equivalent without violating satisfiability. Assume using the
branch/merge rule that p holds. Then, for any clause of the form —pV L, L is derived. This means
that using ad hoc resolution all clauses of the form —q V L are proven superfluous. But this means
that ¢ only occurs positively. So, using monotonic variable fixing ¢ is set to true. In particular p ¢ gq.
Similarly, considering —p, leads again to the conclusion p < ¢q. So, HeerHugo makes p and g equivalent
in this case.
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4.3 Prime numbers

The most common way to compare the efficiency of implementations of propositional checkers is by
applying the tool to a set of benchmarks. In order to give an impression of what we can achieve, we
give below a table with times to prove or disprove that certain numbers are prime.

This benchmark has a few advantages over others. It is easy to generate arbitrarily large formulas
that are either satisfiable, or contradictory. Moreover, it can easily be predicted whether a formula is
satisfiable or not; the numbers are so small that using conventional means it is easy to check whether
the numbers are prime.

The idea behind generating these formulas is the following. Given a number 7 represented as a
binary vector. We search for numbers p and ¢ which are vectors of proposition letters of the same
length as 7 such that §- ¢ = 7@ and p,¢§ > 1. Here - is the standard binary multiplication on
numbers. The multiplication is given by introducing proposition letters s;; for intermediate results
and intermediate carries c¢;;. The core of the multiplication is given by the following formulas. At the
boundaries of the multiplication, these formulas are simpler, for instance because carries are known
to be 0.

Sitgg ¢ (Cirj—1,-1 © (Sirji—1 < (Pi Agj)))
Citjj > ((Citj—1,j—1 A Sitj—1,j-1) V (Citj—1,j—1 APi Aqj) V (Sitj,ji—1 APi A gj))

Below we list results of applying HeerHugo to some of these formulas®. The results are obtained on
an Silicon Graphics PowerChallenge R10000 (195 Mhz R10000 CPU, 1MB secondary cache, Irix6.2)
with sufficient main memory. We list the number to be checked for primality. We list whether the
formula is reported satisfiable. In case the formula is a contradiction, we list its hardness class. The
size in kilobytes of the formula and its number of proposition letters after transformation to <3CNF.
The last column of the table below is the wall clock time reported by HeerHugo to solve the formula.

| fi satisfiable? hardness |§] # <3CNF time |

112 yes - 3K 451 1s

113 no 1 3K 451 1s

257 no 1 5K 742 2s

4711 yes - 11K 1540 9s
47161 no 2 17K 2328 61s
655379 no 2 27K 3630 1181s
655381 yes - 27K 3630 139s
3476734 yes - 33K 4389 367s
3476741 no 2 33K 4389  13810s
58697731 no 3 47K 6123 914869s
58697733 yes - 47K 6123 558s

5 Considerations

The construction of HeerHugo, and its predecessors (a tool based on normal forms of proofs and a tool
using binary decision diagrams) as well as experience with the first order theorem prover otter [22] led
to the observation that there is hardly any fundamental understanding of proof search in proposition
logic. The only attempt of obtaining a deeper understanding that we are aware of can be found in
[14] where it is attempted to clarify the effects of different branching rules.

The lack of understanding of proof search in proposition logic contrasts somewhat with the an
extensive comparative theory of proof length [15, 21]. Sometimes results carry over easily, as in the
case of the comparison between tableaux and truth tables [5]. In other cases the situation may not be

3The formulas can be obtained by contacting the author.
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so clear; e.g. it is known that extended resolution may lead to an exponential improvement of proof
lengths over ordinary resolution [12, 3] but it is very doubtful whether the use of extended resolution
would lead to faster proof search. One observation deserves to be mentioned. When applying provers
that are based on resolution, it is quickly suggested to use (ordered) hyper resolution instead of
ordinary binary resolution, as this yields bigger inference steps and reduction of the use of memory.
This strongly contrasts with the results in [8] from which one can easily conclude that there is a class
of formulas with polynomial proofs using ordinary resolution that only have exponential proofs in
hyper resolution.

HeerHugo clearly shows that the current situation is deploring. Without truly understanding why
it appeared to be possible to achieve considerable improvements in performance for formulas in higher
hardness classes. Rather typically the performance doubled with almost every round of improving
HeerHugo. We expect that it is possible to double performance of HeerHugo in a similar way a few
more times. The reason for this is that the logical rules and search algorithms that we use are quite
standard; all can be found somewhere in the literature, and even more effective rules may linger
around. We did not (yet) compare the rules with each other in order to remove redundancies in
search. We did not use any heuristics for finding the best proposition letters to branch on.

Yet, the lack of understanding of this field offers a rather nice perspective. Already, HeerHugo (as
well as Stalmarck’s prover) appear quite effective when it comes to solve realistic problems. And, we
expect that an improved understanding will lead to improvements of certain magnitudes (although
the difficulty of obtaining such understanding can easily be underestimated). This is illustrated by
special purpose provers that outperform HeerHugo when it comes to certain classes (e.g. SATO [23]
and the Dubois prover [7]).

This opens the following distant perspective, namely where the area of algorithmics is reduced to
translating problem instances polynomially to an instance of a satisfiability problem in proposition
logic. Using a state of the art proposition solver, may solve this instance faster than the standard
algorithm by detecting structure in this instance which may not be observed by the standard algorithm.
Moreover, this could be a more effective approach towards generating programs, as finding and coding
a transformation to proposition logic is often easier than formulating a particular algorithm. Moreover,
given the chilling speed of contemporary computers, the overhead caused by such an approach will
hardly be noticed.
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